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XV. On a Class of Invariants.*
By Joun C. MavEr, M.A., Professor of Mathematics, Queen’s College, Cork.
Communicated by Professor CayLey, LL.D., F.R.S.

Received December 14,—Read December 22, 1881.

I HAVE not seen it noticed by any mathematician that in the theory of Linear
Differential Equations there are two important classes of functions of the coefficients
which have remarkable analogies to the invariants of Algebraic Binary Quantics;
consequently I venture to call attention to their existence and also to give examples
of their application in the present paper.

For convenience I write the equation with binomial coefficients thus

nn—1 d %

nl
LR S Y TR A +Ry=0 . . ()

where of course P, P,, &c., are functions of x only.

If now we remove the coefficient of by changing y to ye~J? the equation,

dr-
dan—1
wanting the second term, may be written,

dry  mn—=1.dy  an—1ln-—2. d"%y

dun T 2 s+ 3 dan=?
wrsln ISy sEY S Lt =0, . . (2)
where we have
H=P,—pp— "
G=2P3— 3PPy Py— !
T=—6P 4+ 12P2P,— 4P P,— 3P 24P, -%

* Since the publication of the abstract of this paper the Rev. R. HARLEY has mentioned to me that
the first class of functions treated of here have been already investigated by Sir Jamrs Cookxik; having
consulted the memoirs I was referred to by Mr. HarLEY, I think little similarity will be found between
Sir James CockLe’s results and mine.--J. C. M.
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752 MR. J. C. MALET ON A CLASS OF INVARTIANTS.

Now H, G, I and the remaining coefficients of equation (2) are in a certain sense
invariants of the original equation (1), for they remain unaltered if in equation (1) we
change y to yf(x), where f(x) is any function of @, and then divide by f(») so as to

make the coeflicient of de unity ; thus writing the equation so transformed

aly 1.
+ Qldﬁn_2+nnl2 dea’" 2+ . Qny=0 . . . . . . (3)

and for convenience writing f (w) —f =, &e., f, 7, f we find

dxg’
"+P, "+ 2P, P,
S PN VI

ot H IS A BRS + Pu

aQ,__f"f=f? | dP,
dw S +0Zx

‘:Z_Q_Q_IW _f/// 5ff//+2f/3
S S daﬂ

Hence also

from which we easily prdve

L aQ dp,
Q Q1 _1—P —P 2—'“([%
and
&P,
2Q,°—8Q,Qy+Qs— 3P1P2+P3‘"z,;2

In a similar manner we find

- GQ#“‘ lel’QZ- 4Q1Q3" 3Q22+ Q@'—El'g‘%

The theorem proved in these cases may be easily shown to be generally true, as
follows :—If from equation (3) we remove the second term by the substitution of

ye‘fqld” for y it is evident the result must be identical with (2); but the coefficients
of the resulting equation are the same functions of Q), Q,, Qs, &c., as the coefficients
of (2) are of P, Py, Py, &c., hence the theorem is proved.

I proceed now to some particular applications of the general theorem.

The quadratic.

+2P +P2?/—'

Here we have the invariant H or

dap,
o %11
P dx
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Let us now seek the condition that the two solutions of the equation y=v, and
y=1y, should be connected by the relation y,=y,», which relation, since it depends
only on the ratios of ¥, and ¥, must be expressible in terms of the invariant H.

If in the equation we change ¥ to yy, the solutions of the resulting equation will be
y=1 and y=ua; hence if the equation is

+Q23/ =

we have Q,=0, Q=0 remembering now that

Q=i =H
the required condition is
H=0

To solve the equation in this case we have

Q= - (d%'l‘Pl 2):
Hence y,=¢~I"* and the complete solution is

y=e‘f"ld’”{Aw+B}

where A and B are arbitrary constants.

We may remark also, as is at once obvious, that the condit
of the equations

d%2+2P1 Y Y 4 Py=0

and

(ZJ‘I‘Pl?/—-

If we seek the mere general condition that the solutions should be connected by

the relation y,=y, f(x), where f(x) is some given function of w, transforming as before
by the substitution of yy, for y the resulting equation

olac2+ Q1 +Q2.7/"-
must have for solutions y=1 and y=/(»), hence we have

Q=0 and f"(2)42Q, f(#)=0
5D 2
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therefore

) 2L H=
dz +QI+H=0
or substituting the value of Q, we get

@) o (L@ g . . (4
2/ 3<f,(x)> SH=0 . . . . . . . . (4

the required condition. ’
To solve the equation in this case, remembering that Q1—~< 7/"4-P1y2> we at once

see that ¥, is the solution of the equation

2f"(« ) +{2P, /(@) +/ " (%) }y=0

from which
po fPldw

y="he (A )+ By

and the complete solution is

where A and B are arbitrary constants.
If now in equation (4) we suppose that f(z) is not known, replacing f(x) by y we
- see the solution of the equation

By dy y
2 20, 3<M>_4H<> R )
is
_An+By,
Con + Dy,

where A, B, C, D are arbitrary constants and y,, 7, the solutions of the linear equation
@y dy
%;‘l“ 2P1%+P2y20

Again it appears that if y=d(x) satisfies equation (5) the complete solution of it is

_Ad@)+B
T Ch()+D

Let us now consider the two equations
@y dy
@54— 2P1 d_x P oY =0

and

+2R —|—R2 =
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and let us seek the condition that the two solutions of the first equation, y; and v,,
should be connected with the two solutions of the second, ¥, and ¥,, by the relation

Nn_Ys
Yo Y
Let f(x) be the common value of these fractions, then referring to equation (4) we
have at once the required condition, viz.:

P,—Pp—L1=R,—Rp—L
dx

It may be remarked that if H does not equal 0 but a constant, say k, the complete

‘solution of the equation

d* dy
ol_o;é+ 2P, /+P2y'—
18

y=e"["{ A sin /kz+ B cos vk}
The cubic.
Let us now consider the equation of the third order
+3Pld 2+3Pz +P3y—
we have two invariants G and H; and the equation becomes by removing the second

term

dy

+3H +Gy 0

Let us now consider what relation must exist between H and G in order that two
solutions of the equation y, and v, should be connected by the relation #,==y,zx.
Transform the cubic by substituting yy, for y and let the resulting equation be

+3Q1 d:c2+ Q2 +Q3?/—

Since this equation is satisfied by y=1 and also by y=a we have at once

Q;=0 and Q,=0
hence 0
Ul

- Ql2 dx =H
. d¥Q

2Q15 dxgl G

from which we find

G—
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Substituting the value of Q; derived from this equation in H and reducing we find
for our required condition

dzH aG
~)=0 -

SHS G2 <__> +2H< )= (6)

This condition, as is seen, is the eliminant of the equations

+3P1do+3P +P3y 0
and

—I—ZP —|—P2y =0

To solve the equation when condition (6) is true. First consider the equation witt
the second term removed, and we have to find ¥, the equations

+3H +Gy 0

d*y
daz2+ =0

of which equations y, must be a common solution, as follows at once from the con-
ditions Q;=0, Q,=0. Thence we easily find

Y= \/ ﬁe_%j%‘[”

and therefore
Y1 =z E—e_%gg"”

These values of 3, and ¥, are to be multiplied by =Pt o get the corresponding
solutions of the cubic when the second term is not removed.
To get the third solution we have

dx?’ + 3Q1dx2

which gives, remembering the relation
G—" " 42HQ,=0
y= ”H%e"ﬁj ielar?
thence we easily find the complete solution of the original cubic
y=+/ o [(rai)e { A4 Bz+ CHH%@“%‘[ %‘l"dwz}

where A, B, and C are arbitrary constants.



MR. J. C. MALET ON A CLASS OF INVARIANTS. 757

If we have the two conditions G=0 and H=0, then

=Y T =Yys2
and the complete solution is

y= e“f"l"‘”{A+ Bx+4Ca?}

G =0 expresses the condition that y= e~J7% should be a solution of the equation.
If we wish to find the conditions necessary that the following relations should exist
between the solutions of the cubic

h=Ys(%), Yo=ys()

where ¢(x) and yY(x) are known functions of x; change as before the cubic by sub-
stituting yy, for y and let it become

+3Q1 +3Q +Q3?/-—

we must evidently have Q;=0, hence we have

¢ +3Qup" +3Qup'=0
¥ 3Qu +3Qu =0

we have also

Q-Qe—=H

d?
QP —3Q,Qu— Ql =G
Now if we let
¢///‘P\ \P‘///(ﬁ .
3(¢// 7 1PI/¢/) - F(w)
and

_¢”,’\IIJI—“‘I‘J”¢,/ —
3@y —y) = @)

we have Q,=F(z), Q,=f(«), and the conditions sought are

. HAF(@)+F@F—f@)=0 . . .« . . . . ()
G+F"(2)+3F@) f@)—F@)P=0 . . . . . . . (8)

To solve the equation in this case we have

Q=2(% vy,
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thence y; must be the solution of the equation

d
- d—Z_I_ {P—F(x)}y=0
from which we have

yzeI{F(x)~P1}dz
or

e—IPldx

I=E—vey

and therefore the complete solution of the cubic is

ST,
T ¢,){ + B () +Cih(x)}

If we make ¢(x)=-—-~ and then eliminate () between equations (7) and (8) we
=30 v 1

should evidently obtain the condition necessary that the relation y,y,=15? should exist.
I have, however, obtained the condition in a much more simple manner, and found it
to be -

d
: 2(}—3—}}:0
dz

which result I give further on in the present paper.

Let us now consider the more general problem ; to determine the relation between
the coefficients of the cubic in order that two solutions should be connected by the
relation y, =y, f(x) where f(x) is a given function of .

As before, change v to y,y, and the equation must become of the form

d%’3 + Qld,z2+ 3Q2
Qg vanishing.
We have then

FUSQL Q=0 . . . . . . ... (9)
Also ' v L

Q—Qe=Th=H . . . .. .. .. ()

W —IQQ=50=C . . . . . ... . (1)

and the problem is to eliminate @, and Q, from these equations.
If we substitute in (10) and (11) the value of Q, found from (9), we find they can be
written in the forms
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ar

—R?— %=S
2RI+ RK—2o=T
where
B f” 117 732
R=Q1+2f/’ S—H f/ +4_f/2
T L L
K=" 9772 Y Z T""G—f/{” + Vi 21"
we have
as
%—T=(2S_K)R . . 5 . . P . o (12)

Substituting this value of R in S and reducing we find for the required condition

AP To— <~> +zs<””s dT>+SK2 LS%K+K<‘§£ ff) %(T jl%_o. (13)

If K vanishes or f*=Af"3, A being a constant, equation (13) is derived from (6)
by changing H and G to S and T respectively.

If we regard f{x) as unknown, equal u say, equation (12) is the differential equation
of the fifth order, of which the complete solution is

__ Ay +By, +Cys
Dy + By, + Fy,

where ¥, ¥,, 95 are solutions of the equation

+3Pld 2+3P +P3y 0

and A, B, C, D, E, F arbitrary constants.
To solve the cubic when condition (18) holds. From equations (9) and 12 we find

at once Q, and Q, in terms of a, let their values be respectively ¢() and y(x) we have
then
dS

74
)= 2S K9
as
_I T
‘l"(w)_‘z 2 ZS—-K f/ 3f/
Now since

_1/dy,
Q= y2< da + Pl%)

MDCCCLXXXII, 5 E
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we have
— oJ6E—Pytz

Ys

n=Fx) @~z

To determine ¥, let ys=1y,x(x) and we have to determine ¥
X" +3Qux"+3Qx'=0
S B3Qu " +3Q =
X =X = Sl _ sfue

g1 sfuw@es
X:Hf {ﬁef dx}dac
and the complete solution of the cubic is in the case we are considering.

y____ej(qs(x)—f’l)dx I { ffbl—,z eﬁ“’”””dx}dw

remembering that an arbitrary constant is implied in each integration.

therefore

but also

from which we easily find

therefore

The quartic.

Consider now the equation of the fourth order

ch/

we have three invariants H, G, and I, and the equation with its second term removed
becomes

+6H +4G o (I43H)y=0

If we seek the condition that two solutions of the equation should be connected by
the relation y,=y,, transforming the equation by changing y to yy,, the result must
be of the form

L aQ, P60, 7

Hence we have

d
H=Q,— Q"4
a
G=2Q,—8Q, Q=52
aBPQy

[=—6Q,"+ 12Q12Q2—3Q22—§w§“

and the condition required is the result of eliminating Q, and Q, from these equations,
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The required result is also the eliminant of the equations

+6H +4G +(I+ SH?)y=0
and
+ %H +Gg/—0
as is evident.
Having obtained the result in a very cumbersome form only I do not give it, but at

once go on to cases where two or three conditions subsist between the solutions of the
quartic.

Let us first consider the case where

Y=Y =150
changing ¥ to yy, the resulting equation must be of the form

dw4+ 4Q1

Hence we have

H=—Qp— ‘ZQl , G=2Q— Q

I=—6Q— 20

from which

all _ aG .~
one of the required conditions is then given by equation (6), and the second is easily

found to be
aG dH\?2
oH <I—-;Z—x~>=3 <G—%~>

To solve the equation, we find at once as in the case of the equation of the third
order

9Yy= 6~IP‘dx\/H6_’I% dx

and vy, is the solution of the equation

dx4‘+ Ql

multiplied by .
Hence remembering the value of Q;, we get for the complete solution of the quartic

y—_—A\/I—Ie‘j(Pﬂ“E%)d” “‘HH%‘?J%“ da®+4Bx? 4 Crc-!—D}
5E 2
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If y=y,w=y.x*=y,2* then we have

H=0, G=0, I=0
and the complete solution is

y= e Pz A g+ Ba?+ Cx+ D)

It is obvious that when H, G, and I instead of being each equal to 0 are each equal
to a given constant the equation can be at once solved.
If we seek the conditions for

N=15®), Yo=yb(x), y;=y.x(x)

where ¢(x), Y(z), x(x) are given functions of =; then changing ¥ to yy, if the resulting
equation be written

4 T 6Q, T 4Q, Y

we have
¢ +4Que” 46 Qo+ 4Qq'=0
YO 4Qu” +6Qu +4Q' =0
X 4QuX" +6Qex” +4Qsx'=0

from which equations we find Q,, Q,, Q; are terms of x. Let these values be F,(x),
Fy(x), and Fy(x), and the required conditions are

H =F2(90) —(Fy(x))2— F/(x)
Gr=2(F(@)) 8T (@) () + 2Fs () ~ ()
L= — 6(F, 1)+ 1 2(F () F(e) — 4T () o) — 8(F(a) Ty ()

To find the solution in this case, we have

d
Ql?h:'d%"‘l)]%

Hence
y =P

Now if we let

¢// IP// X” — A
/17 V{4 V244
&Y x

we find from the previous equations

‘ ¢/ ‘pl Xl
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and therefore we have for the complete solution

e jP1

{Ad(z)+By(x)+Cx(z)+ D}
I
dR)=e=, Yao)=e, x(x)=e",

Q. Q, Qs are constants determined from the equations previously given; in fact we
easily find

AQ=—(a+B+y), 6Qy=aB+ay+By, 4Q=—afy
H, G, and I are constants, and the solution is

at+p+

y=e— 5 o=[Pef A Bepr-Cer D}

11

In addition to the class of invariants of Linear Differential Equations which I have
discussed in the first part of this paper, there is also another class worth noticing,
namely, functions of the coefficients of the equation which remain unaltered when the
independent variable is changed. I propose now to consider these functions.

The quadratic.
If we take the equation

+2P+P2y—.,...,,.,.(14)

and let x=¢(t), the new equation is

dt2+2Q1 +Qz?/—

where /
2Q,= 2P1¢’4""%7a Qy="Py¢"
From these values of Q, and Q, we easily find the identity
% a0, dfﬂ+4p P,
Qg% = Pz%

Hence we see that
e parpp,

3

Py

is an invariant of this kind of the equation of the second order.
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To arrive at this invariant directly, let us suppose that the second term is removed
from the equation by the change of the independent variable ; we have then, supposing
the transformed equation to be

Py
dt2+uy_
2P ¢'—— —-0 u=DP,¢*?
Hence
d“ /3dP 2 s 1s(@ 2
=t G = G
therefore
dp,
TR 1,
Pt T e
from which it is evident that
ey in,
PQ%

remains the same when the independent variable is changed.

I shall denote this invariant by the letter J; and I now propose to give some
examples of its use.

Let us seek to determine what relation among the coefficients of the equation
expresses the condition that the two solutions of equation (14) %, and y, should be
connected by the equation v,77,=1.

Transform the independent variable so that ¢’ shall be a solution of the new equation,
then e~ must also be a solution. Let the new equation be

dt2 +2Q10Zt+ Q2y~
and we have
142Q,4+Q,=0
1—2Q;+ Q=0

from which we find Q,=0, Q,=—1, but

s 1 40,Q,

J="—T;2;x_—‘“

hence the required condition 1s J=0 or

st 4p,p,=0
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to solve the equation in this case, we have
da?
Qy=Py¢? or 1+Pz‘oﬁs§=0
from which
t=e]v=Pux
and the complete solution is
y=Aev=Puts} Be~[vFuis

where A and B are arbitrary constants.

Again, let us seek the condition for y,9,2=1, transforming as before so that y,=¢,

we find now that the coefficients of the transformed equation are connected by the
relations

1 +2Q1+Q2=O
4""‘4Q1+ Q2=O
therefore ,
2Q1= 1, Q2= —2
and we have
J242=0
or :
dapP 2
(Ef“l)ll’z) +2P=0

for the required condition.
In this case we find as before the solution to be

1 —
y= AeVZJ‘/‘Pz‘“_F EB_«/éfv:?,;dx'

More generally if y,=y,* we have, using the same transformation ag before; the
following equations connecting the coefficients of the transformed eqution
1+2Q1 +Q=0
m*+2mQ+ Q=0

from which A
2Q=—(m+1), Q=m
and we find as before for the required condition
m<%+ 4P1P2>2—-4(m+ 1)°P =0
the solution being
il Veas | B il vEu

y=Ae

this investigation fails, as it should, when m=1.
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As another example let us suppose ¥; and y, connected by any relation ; for con-
venience take y,=f{log %;) and let us seek to determine how the coefficients of the
equation are related, and also its selution.

Transforming as before we have

1+ 2Q1 +Q2 =0
S O +2 () Q+ Qo f(1)=0
from which
_JSO=r"®)
"= =50
Q! =70
A1)
from this we have
)@=

=T 0 dt=F(¢) say

J\/Edm=j

hence
i=F-{ [/ Py}

and the complete solution of the equation is

y=Ac VP L BT [/ Py )
to determine the condition between P, and P, we have

94 40,Q,
a7 J
Q.

substituting F-1{[\/P,de} for ¢ in the left-hand side of this equation we get the

required result.

It is to be remarked that [/P,dx is an invariant, since if the substitiition x=d(?)
removes the second term from the equation we have

[vPide=(vVuar

where v has the same meaning as before,
From the equation J=0 which expresses the condition y7,=1 we can derive the
linear differential equation of the third order, of which the solution is

y=A.%2+B922+0%?/2

where A, B, and C are arbitrary constants.
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As T afterwards make use of this equation I shall here give & full investigation
of it. _
The condition J=0, it is easily seen may be written

dP1+6P 1+4P3+4PH+» N ¢ 1))

where H is the invariant of the first kind previously considered.
If now in the equation

+ 2P +P2"J_

we change y to y4/z we find the equation

dy

+ 2Q1 + Q=0

where

2Q=2P, 4 =

Substituting this value of Q, for P, in coridition (15) and reducing we get
2% 1 6P, Sy 2<"ZP‘+ 4P 24 2P > : +2<4P1P2+ %)z:O @)

this differential equation in z is evidently the required equation.

It is to be remarked that if we remove the second term from this equation it
becomes

3z dz dH
%+4H%+2%z—0 e e e e e (B)

The cubic,

Let us now consider the equation of the third order

+ 3P1dm2+3P2d +Pyy=0

Substituting ¢(¢) for x we get

d? ly
B +?Qldtg "|"9'Q2Ldt +Quy=0

where

3@ =3P ¢'— /’ Qs=Py"

5Qu=2Pp?— ¢/+ qf — 3P

MDCCCLXXXII. 5 F
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Now let

. Q1=0, 3Q2=u» Q3=?J
from which

PF%é u=3P2¢'2—%-, v=P,4’s

from which equations two distinct invariants, of the second kind, of the cubic may be
found, thus

=38 By g LDy

therefore
s 1 3p p,
dz + 1 1 dv
D ot
Hence
ap
P,f
is an invariant which I shall call I,.
Again
d_l)_]: . 2 ¢//2+ //
de ¢/4 ¢/3
or

)] Pl P 2 P J—
¢ _d+ 2P2—3P,t =—
Hence we have ‘

—1 4 2P2—3P

s +42P2—3P,

P3§ - A

and we have another invariant
apr
i

which I shall call T, -
‘We have also, calling —%—2P12+3P2, 1L,

¢ L=u
therefore
" du
N R
from which
aL
@t 1
Lk Tut dt
and we have the invariant
dL
T

I, say.
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I;, however, is not a distinet invariant, since it is evident from the method of forming
it that it can be expressed in terms of I, and I,

It is to be remarked that if I is any invariant of the cubic, of the kind we are

considering, then
d

1 dl
P do

-

and  [PyTde

are also invariants of the same kind, as follows at once from the relation
P#3=v or Pide=oids.

Let us now seek the condition that two solutions of the cubic, ¥), ¥, should be
connected by the relation y,y,=1.

Transform the equation so that ¢ shall be a solution and let it become

dt?’ + SQldt2 + 3Q2d?§ + Q3y—
and we have

14 3Q,43Qy+ Q=0
1—3Q;+3Q,—Q;=0

148Qy=0, 3Q+Q;=0

from which

Substituting for Q, and Q, in the equations

a
T 1300,

KU

Qs
a
U 4+2Q,2—3Q,
Q,?
then letting Qy==2° and reducing we get

=1,

dz :
3d7=11z2+z4! . . . . . é . . » . (16)
9z2di=2z6—9I 2249
dt ?
from which equations we are to eliminate z. Eliminatingg—j, we get

P43l 49122 —9=0. . . . . . . . . (17)

Now differentiating with regard to ¢ and then substituting for (% from (16) we
find
04T z4+z2<4I2 612+lf ”f;) —6l 12+I?§‘f§ =0 . . . (18)
5F 2



770 MR. J. C. MALET ON A CLASS OF INVARIANTS.

Hence the required result is the eliminant of the two cubic equations (17) and (18).

I do not give here the expanded result thus obtained, as I have arrived at it in a
more compact form, ag follows :

Remove the second term, from the cubic we are considering, by change of the
independent variable, and let the result be

dt5+u oy =0

Suppose now that y,y,=1, and let

dt2 +2Q1 +Q21‘/ 0

be the linear equation of which the solutions are 7, and #,, it is evident then that
the cubic may be written in the form

dy

%{%+2Q%+Qw} {dtz—l-ZQl —I—sz}

Since this equation is evidently satisfied by %, and 7, and we can determine \ so
that any other function of ¢ shall satisfy it.
Comparing coeflicients we find

2Q1—2>\=O, 2 &5—2)\QI+Q2=%¢

we have also in consequence of the given condition

T 1QiQ=0

From these we have

6QA+0=0 3Q2+2Ivdt=0
AN ove Oy —
2dt—2)\ +Qy=u
Hence we easily derive

16“@dt}3+24u“vdt}g—lzgf'vdt—l—15’09=0 e e e (19)

which is the required result expressed in terms of the invariants w and .

. 1d .
To write the result in terms of I, and I,, we have Il=;§£ from which we get

IPS%Ildx
v=c¢e
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and therefore
J"L‘dt =fP%3e%jP3811dz

dw sf1,p,3q
__=Ilej1 3 A%
dt

3[Pindz
u= -—Igej o

Hence letting
Snaz L 3[npda
S=65P3 Id , R=fP§36 [rpsba

Condition (19) may be written in terms of the coefficients of the cubic without its
second term being removed as follows :

16R?—24T,R28 — 121, RS 4 1582=0

Having expressed Q, and v as functions of z as above, the cubic may in this case be
solved as follows :
We have from previous results the solutions of

Py YA
Qs +Quy=0
where Q; and Q, are connected by the relation

dQ,
T%"l‘ 4Q,Qy=0

y1= ej*’:i;dt’ y2=' e"f V=Quat

Hence two solutions of the cubic are
=Gy e
?,’1-_-"@“ A el yz.-:ej";ﬁ

and the complete solution may then be found.
If we seek the conditions for

h=Y"=Yys"

transform so that ¢, may become ¢, and as before we have

14+3Q, +3Q, +Q3=0
mP4+3Qm*+3Qum+Q,=0
n*+3Qn? +3Qun +Qz=0

from which we find Q,, Q, Qg three constants a, 8, y, say. Hence the required

conditions are
3a 202 —38
g an ot 9

and the solution is easily found to be

y‘= Aej (%)%dx + Bemj (%)% + Ceﬂj %) bas
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More generally let us seek the conditions that y, and y; should be any given
functions of ;.
‘Write for convenience y,=d¢(log ), y;=1y(log %) then transforming as before we
have
1 43Q, 4+3Q, 4+Q; =0
¢ +3Qup" +3Qud' +Qsp=0
P H3Q +3Qu + Q=0

Now from these equations we find

1 1 1
¢/// ¢// ¢/
_ ,\P\/// \1"// ,\Ir/
Qy=— 1 1 1
¢ ¢// ¢/
"p 1PII "#l

Hence from the relation [Pjdx=[Q,}dt we find [Py}de=F(t) where F is a known
function, and the complete solution of the cubic is

y=Aer{[rde} +B¢{ F*l{ [ P;dx} } +C¢{F—1{ [ Pg%dw} }

To find the required conditions we have only to substitute F~{[P tdx} for ¢ in the
left-hand sides of equations

dQy | o ¢ Qo0 s
%—+3Q1Q3_I %Jerlz_sQQ_

: . 3 =I
st 1: Q33 2
Q1, Qq, Qg being found in terms of ¢ from equations previously given.
I proceed now to consider an invariant of the cubic which is particularly worth
noticing. ,
Referring to the values of I, and I, given before, we find

dL,
I

LT T

1, =K (say)

and K=0 is the condition that the solutions of the equation of the third order should
be connected by the relation y>=1,y,; as follows.
Let y,=2" y,=2 and let the equation of which the solutions are 2, and z, be

a* dz
Jw—g'l‘ ZQl&;‘I“ Q22= 0
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Hence referring to equation (A) we see that

may be expressed in the form

o0 4 2Q) Y 2(1Q.Qek T2y =0

therefore

d
P=2Q, P;=2 “@‘2‘{' 8Q1Q2

daQ,

3Py=27"14+8Q°+4Q,

From these equations eliminating Q,, Q, we get
2 2P L—2P,=0 or K=0

as the required condition.
The relation y*=y,y, involving only the ratios of the solutions must be also
expressible in terms of the invariants of the first kind considered in this paper, and in

fact we find

28 2P L— 2133_.3‘51—}-1— 2G

where H and G have the same meaning as before.
To arrive directly at this condition in terms of H and G, we see on referring to (B)
that the cubic with the second term removed by the substitution for y of ye‘i"l"”, viz,

—I—SH +Gy__
can be written in the form
-I- 4H -|- 2 =0
where
=Q—Q—h
Therefore
dH,

3H=4H,, G=2_~
and eliminating H, we find
3(E —2G=0
dx

the required result.
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Hence the condition #,°=1,y, may be expressed in either of the forms

K=0 or 3@E—2G=O
dz
we have in fact the relation

adH 2
K2=L3<3—d; -2G>

We see also that in this case the solution of the cubic is reduced to that of the
quadratic

+P+

the solutions of which are 4/y, and +/ E./;

The quartic.

~ To find the invariants of the second kind of the equation of the fourth order

+ 4P dy

1d 3+ 6P

Y paP L Py=0

2d2

let us suppose the second term removed by the substitution x=¢(t), then writing the
result in the form
dty dzg/ o
TtV o w=0
we find

op 4,_‘3‘*;' 0 w=Pg*

=" —f‘f?iﬁ’—lzPl¢"+eP2¢'2 R
¢ ¢ :

1047¢" 154" i P Pt ;
V= (Z,qu “‘“"ﬁg - e +12P ¢¢ — 4P "' — 6Py ¢ +4P" . v (8)

From the first of these equations we have

dl) O(j)/” 6¢//Q 3¢//I g
o=t gy
¢ ¢? T g O

therefore by substitution in (&) we find

ap,
Yu=q" (.)4P ~44PP2—24 >
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Hence we have
5P, —44P 2 —24 1 z;: 0
\/ p 4 \/ w

or
. dap
54D, —44PP—24 1
VP,

=J, say

is an invariant of the quartic of the kind we are considering.
Again by differentiating the equation

¢m CZP . ’
‘_ﬁ?—; _3 dx,l+%Plz
we get
By PPy ap Py 367"
P’ 5 da? L dx ¢
d*P ap o
=3P, +2P( Dpp)
dll

“‘3 d2+28P1d1+

substituting in (8) we find

. P a2
27v=¢'s{40P16—36P1%—18 by

—108P,Py+108P, }

hence we see that

40P3—36P, -@ ‘“)

—108P,P,+ 108D,

ES
P,;

is an invariant, which I shall call J,.
We easily find a third invariant from the equations

21>1=3$; and  w=P,Q"

namely,

Off“+ 8P, P,
I
which may be called J;.
By aid of the invariants J,, J,, J5 we can solve problems with respect to the quartic
~which are analogous to those already treated of in the case of the cubic.

MDCCCLXXXII. 5 G
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As an example, let the solutions be related by the equations
B=Y =Y =Y
then transforming so that ¥, shall be ¢/ we find
J,= a constant, J,= a constant, J,= a constant ;
and in this case the complete éolution is
yead e B lCe | o IEe 4 prICe

where
S=mnp



